Abstract. The relative merits of the wavelet-Galerkin solution of hyperbolic partial di erential equations, typical of geophysical problems, are quantitatively and qualitatively compared to traditional nite di erence and Fourier-pseudo-spectral methods. The wavelet-Galerkin solution presented here is found to be a viable alternative to the two conventional techniques.
Introduction
In the past two decades interest in wavelets has been nothing short of remarkable. In the areas of time series analysis, matrix compression, and approximation theory, wavelets have carved out a practical niche. In the solution of di erential equations, however, wavelets have not, thus far, been able to replace other more traditional techniques such as polynomial nite-element methods, except when nonlocal operators are involved. This is because (a) at present, wavelets are capable of dealing only with the simplest of boundary conditions; (b) until recently there were no techniques to compute the inner products of a wavelet Galerkin approximation easily and inexpensively; (c) the advent of more powerful computers has enabled researchers to stretch the computational usefulness of more traditional methods; (d) wavelet multiresolution analysis can, in most instances, be part of a postprocessing stage in the solution of the di erential equation; and (e) adaptive and multigrid solvers are available for nite-di erence and nite-element techniques. In our estimation, the usefulness of wavelets in the solution of di erential equations is still a matter to be completely established. This study sheds some light on the practical use of wavelets in the solution of hyperbolic equations. study we compare a wavelet Galerkin procedure with standard numerical methods such as nite di erence and Fourier pseudo-spectral methods. Other studies that compare the wavelet-Galerkin are 2], 3], 4] and, in particular, 5] . In this last paper, Weiss compares wavelet-Galerkin methods with Fourier pseudo-spectral methods and concludes that the wavelet Galerkin method is faster than the de-aliased Fourier pseudo-spectral solution of a two-dimensional Euler system and is capable of holding onto the exact solution for a considerably longer than is the Fourier solution.
The speci c hyperbolic problem to be considered is a variant of the Boussinesq system 6]. This system was chosen because it has many of the ingredients of hyperbolic equations that arise in geophysical problems. In scaled variables the Boussinesq system (BQS) is t = ?(hu) x ? (u ) x v t = ? x ? ( u 2 2 ) x (1) v = u ? h 2 2 u xx ; to be solved on the interval x 2 0; 1] for t > 0 subject to periodic boundary conditions, and initial conditions (x; t = 0) = E 0 (x) and u(x; t = 0) = U 0 (x). In the geophysical context the O(1) variables u(x; t) and z = (x; t) are thought of as the depth-averaged rst-order velocity and wave displacement over z = 0, respectively, for weakly nonlinear shallow water dispersive waves traveling over a bottom topography z = ?h(x) that is periodic in x. Equation (1) admits bidirectional, dispersive, weakly nonlinear wave solutions. The degree of nonlinearity is controlled by the parameter 1 and the dispersiveness by parameter 1. By setting both parameters to zero, Equation (1) becomes the linear wave equation (WE). The shallow water wave equation (SWWE) is obtained by letting = 0 and 6 = 0. The bottom topography h(x) is O(1); but when 6 = 0 and 6 = 0, the additional restriction on the bottom topography is that its derivatives with respect to x have size comparable to . Aside from a dissipative term, the model is seen to cover a variety of geophysically relevant phenomena.
To make the discretization comparison as objective as possible, we used employ the same time discretization technique for all three methods. We have chosen the leap-frog method 7], owing to its simplicity; its wide use, such as in applications in climate and weather dynamics 8] 9] 10]; and its nondissipative properties. The rst time step is accomplished with a backwards Euler step. Since the above scheme is prone to exhibit growth of the so-called leap-frog computational mode 8], two time-consecutive sets of solutions are averaged periodically.
Application of the leap-frog scheme to Equation (1) where t = n t, t is taken as xed during the integration, n = 0; 1; , and the tilde variablesf n (x) f(x; n t).
In Section 2 we brie y present the full discretization of Equation (2) using nite di erence (FD) and the Fourier pseudo-spectral (FS) schemes. Section 3 presents the waveletGalerkin (WG) method in full detail. Qualitative and quantitative comparisons are presented in Section 4. Section 5 summarizes what we have been able to learn about the merits and pitfalls of the WG scheme as applied to hyperbolic problems, and sets the stage for a future paper on the use of the WG scheme to explore orographic e ects on shallow water waves. Additional technical details related to this study appear in the Appendix.
Finite Difference and Fourier Pseudo-Spectral Discretization
The FD spatial discretization of Equation (2) The Fourier approximation of Equation (2) 
Hence, in this special case the operator L is easily invertible in the FS approximation. The
Since the dependent variables are real, the discrete Fourier transforms are performed using real FFTs. Possible aliasing that may arise from the evaluation of the nonlinear terms was minimized by zero-padding the upper half of the spectrum since the nonlinear terms are quadratic.
Wavelet-Galerkin Discretization
Two discretization alternatives exist. The system can be treated either as a fully Galerkin procedure or as a mixed Galerkin collocation problem. The presentation will be limited to the full Galerkin implementation; however, a few remarks on the mixed procedure are in order. In the mixed method, nonlinear terms as well as linear terms with spatially varying coe cients, are evaluated by collocation in a manner analogous to FS. Namely, one projects the appropriate variables back to real space, forms the nonlinear terms or the terms involving products of eld variables and space-dependent coe cients and then projects these back to the trial space, thus preparing the system for the next time integration. The advantages of this technique are twofold: (a) simplicity of the resulting equations, since these invariably involve simpler inner products as compared with the full Galerkin procedure and (b) the mixed procedure has little or no aliasing problems as compared to the FS. The main disadvantage of the Galerkin-collocation method is that the operation count per time step is signi cantly higher than its Galerkin counterpart, an especially troublesome in hyperbolic problems.
Our Galerkin procedure uses a class of compactly supported scaling functions introduced < ; > are evaluated and orthogonality among the elements of V p is used. In this study the evolution equations are solved at scale p determined by the resolution of the space V p .
If, at any time, a multiresolution is desired, this can be performed as a postprocessing step or as an adjunct calculation.
In what follows, we project the semi-discrete real variable to V p so that
where it will be assumed in the remainder of this study that the l 's are of resolution N 2 p and genus DN.
The weak formulation of the semi-discrete system is obtained by substituting Equation (6) into Equation (2), multiplying by a test function k 2 V p , and integrating: <~ n+1 ; k > =<~ n?1 ; k > ?2 t < (hũ n ) x ; k > ?2 t < (ũ n~ n ) x ; k > <ṽ n+1 ; k > =<ṽ n?1 ; k > ?2 t <~ n x ; k > ? t < (ũ nũn ) x ; k > (7) <ṽ n ; k > =<ũ n ; k > ? 2 < h 2ũn xx ; k > : a 0 k = P p (U 0 (x)) where P p is the orthogonal projection operator to the space V p .
By a change of variables the last two connection coe cients in Equation (8) can be expressed in terms of elements of the same connection coe cient array 13] , so that the last expression in Equation (8) 
Comparison Study
We compare the methods on three types of hyperbolic equations: the wave equation (WE), the shallow water wave equation (SWWE), and the Boussinesq system (BQS). To e ect a comparison, we de ne a merit value based on two factors: the memory resources M and the wall-clock time T. In making a comparison we rst establish a desired level of accuracy as follows: for a given N and t we monitor three norms of the solution at some time t f , the nal integration time. Our criterion for accuracy is established by demanding that each of the three norms l 1 , l 2 , and l 1 of the solution agree, to 3 decimal places for the WE, and to 4 decimal places for the BQS. For each method, T is the time required to obtain a solution to this level of accuracy and will require storage M. Thus, we de ne the computational e ciency merit value C eff 1 T M :
Our determination of an acceptable solution was based on searching among the parameter values t = 0:001=2 r and N = 1=2 q . We report the largest t and the smallest N encountered in meeting the accuracy criteria. This determines T and the corresponding M.
The storage requirements M depends on N. For the three methods as a function of the type of problem, the relation between M and N is given in Table 1 . The numbers re ect \common" storage requirements as opposed to optimal requirements. The second number in the BQS row represents the memory requirements for the the operator L for each method.
In order to simplify the comparison, the bottom topography will be set, for the remainder of this study, to h(x) = 1. However, although the inversion of L when h = 1 is trivial and exact in the FS case as shown in Equation (5), and simpler for the WG using Equation (9), neither of these advantages will be invoked in the comparison of the three implementations.
The Wave Equation.
Table 2 shows a comparison of the computational e ciency and the energy E of the three methods on the WE problem. The last four entries correspond to the WG of genus DN. The initial data for this experiment was the cubic pulse For this particular initial data we found that the three methods were most successful in reaching rst the l 2 norm, second the sup norm, and last in reaching the l 1 . To within the discretization size, all methods were capable of predicting correctly the location at which the sup norm is expected to be. It is also noted that conservation of the total energy is easily achieved even when the computed solution looks unacceptable, namely when the solution has been underdiscretized. The most salient feature of an underdiscretized solution is the appearance of dispersive e ects. Figure 1 illustrates the WG DN6 solution at t = 2 in the underdiscretized case: t = 0:001, N = 32. Superimposed on the underdiscretized solution in Figure 1 is the converged solution reported in Table 2 . Figure 2 shows the time evolution of the bidirectional linear wave with a numerically induced dispersive tail resulting from underdiscretization. In this gure t f = 2:2, t = 0:001, N = 32, and DN6. The FD, as is well known, will exhibit a very similar behavior when underdiscretized. The cost comparison, which is 1=C eff , of the three methods for the WE problem is shown in Figure 3 , as a function of N. In this cost comparison we do not consider the accuracy of the solution.
The Shallow Water Wave Equation.
For the shallow water wave equation with = 0:1, the initial data is given by Equation (10), with A = 1:0 and = 0:1. The integration time was t f = 0:64, which was su cient to make the nonlinear e ects very obvious in the solution. The solution is a bidirectional steepening wave. Table 3 displays the results of the timing experiment. The last two columns show the location x sup , to within 1=N, of the sup norm and the value of the norm. For the SWWE we did not attempt to achieve similar norms in all methods, but rather monitored the quality of the shape of the solution and the size of the l 2 error. Figure 4 shows the qualitative di erences between the three methods in the calculation of the shocks at t = 0:64, after a three-point averaging lter was applied to all solutions.
The parameters for each of these curves appears in Table 3 . As expected, we found that the smaller wave (not shown) is very well captured by all three methods, but they handled poorly the high amplitude portion of the solution which is featured in Figure 4 . The phases of the FD and the FS are the same, whereas the phase of the WG solution is ahead of the aforementioned solutions. The shape of the un ltered solutions is quite di erent: high frequency oscillations are signi cant in the WG case but limited to the neighborhood of the shock front, and are smaller in magnitude in the FS solution but present throughout the domain. The second-order FD solution, on the other hand, shows large oscillations but these are only present in the immediate vicinity of the shock front. As shown in Figure 4 , the lter has virtually eliminated the high frequency oscillations of the FS, and signi cantly improved the situation for the WG solution. We found that the oscillations in the WG solutions could be eliminated to the same degree as the FS solution shown in the gure if the data is ltered once more. The FS method is clearly most e cient and the FD best able to capture the shape of the solution. For the same problem Figure 5 illustrates the di erences between the methods when the same values of N and t are used in all three methods. The plot was obtained using t = 10 ?4 , with N = 1024. The WG solutions do not have the oscillations present in the FS; however, the shock is not as steep. The steepness in the WG solution was less severe in the case DN = 16. The milder steepness of the WG method means that the location of the x supp is very poorly predicted. The FD is next in getting this location; however, it su ers from poor shape capturing characteristics. The FS is best, overall; however, the solution has a great deal of high frequency oscillations which propagate away from the shock and are present throughout the whole solution. Since the energy was slightly smaller in magnitude in the WG case than in the other methods, it may indicate that the dissipation was signi cant enough to a ect the amplitude of the solution and thereby the velocity of the solution. This could account for the signi cant phase error. Table 3 .
We performed experiments with initial data with noncompact support. We found that the FD method had a signi cantly worse phase lag than reported in the above experiments. In fact, this phase lag was also signi cant if the solution, for some initial data, eventually loses its compact support. This phase problem was absent in the FS and very minimally present in the WG experiments for noncompact solutions. 
The Boussinesq System.
For the computation of the Boussinesq system solution, with = 0:1, and 2 = 0:03333, we compared the solutions of the three methods at t f = 0:5 for initial data U 0 =0:1 sin(4 x) E 0 =0:5U 0 : (11) The solution, up to t f = 2:2, is shown in Figure 6 for the WG method with DN = 6, t = 0:002 and N = 128.
The computational e ciency for the Boussinesq system is shown in Table 4 . In this case T re ects the fact that the operator L needs to be inverted at each time step to nd u from v. We observe in this case that the WG DN6 is not only computationally more e cient but also has the least wall-clock time. The time axis, in arbitrary units, increases toward the viewer.
The cost comparison of the three methods for the BQS problem is shown in Figure 7 , as a function of N. The graph shows that for a small number in N the FS is superior to WG, but as the problem gets larger, the increasing WG becomes more cost e ective. Figure 8 is a plot of the relation between the wall-clock time T and the resolution N. Disregarding the quality of the solution the graphs show that the FD is most cost e ective method. For small problems the low-genus DN is favored over high DN, but for larger problems the large DN should prove more cost e ective. The same can be said of the FS compared with the WG method for any order. To put the above conclusion in perspective we need to examine the computational cost as a function of the quality of the solution. Figure 9 presents such a relation for the BQS for the test problem, Equation (11) . We took the norms for this solution as a benchmark. We chose as a measure of the error of a particular solution the absolute di erence in the l 1 norm between the solution and the benchmark. The quality of a solution is taken as being re ected by an inversely proportional relation to the size of the error. Figure 9 clearly shows that the viability of a particular method depends on the size of error. For large error values, the FD method is most cost e ective. For a decrease of an order of magnitude in the error, the FD cost doubles. Additionally, the graph suggests that for high accuracy the FD and FS are comparable in cost. For small errors, irrespective of the method the curves will have a very large slope. The high-cost region to the left of the highly sloped portion of the curve is the saturation region. This saturation region begins at low error values for large DN and for larger error values for smaller DN. This behavior must be taken advantage of: choosing the right type of DN will enable a large decrease in the error for very little relative cost, provided the saturation region is avoided.
Concluding Discussion
The wavelet-Galerkin solution was qualitatively compared with the solution of nite di erence and Fourier pseudo-spectral implementations of the wave equation, the shallow water wave equation, and the Boussinesq system. Time-stability was assured for all three problems and all three methods by repeated selection of a variety of time steps. In this selection process we were guided by the results in 15 the Fourier case. Our comparisons were based on the use of the computational e ciency C eff as the merit criterion, which is the reciprocal product of the wall-clock time and the storage requirement.
For the wave equation, based on this criterion, it was found that the FS was the most e cient. The WG was found to be comparable in e ciency to the FD method, requiring less storage but more time than the FD.
Unlike the wave equation problem, in the shallow water wave equation the nature of the solutions may di er considerably from that of the initial conditions. Phase and shape preservation are important issues, and much work has been done on creating FD and FS implementations that perform far better in these respects than the particular implementations presented in this study. Nevertheless, these particular implementations are adequate to compare the three methods. Since our merit value C eff does not take into account the regularity of the initial data, our results regarding the computational e ciency cannot be taken to represent the general case. With regards to the qualitative characteristics of the solution for the three methods, we found that for small initial data all methods perform very similarly. However, for large amplitude solutions, particularly when shock-like solutions are involved, the FS develops ever-increasing small-scale oscillations which will eventually spread to the whole domain, but holds reasonably well to the large-scale features of the solution. The second-order FD solution has the same phase as the FS and very similar large-scale features. At the shock front the FD solution over-shoots but the oscillation is con ned to the neighborhood of the shock. The WG solution leads in phase, and its shape is similar to its FD counterpart, but the overshoot is spread further away from the shock. Three-point averaging of the solution is found to be e ective in improving the shape of the FS and the WG outcomes. For high C eff the WG solution, averaged twice, was best in phase and shape accuracy, while for modest values of C eff the FS solution is best in shape and phase accuracy.
In the BQS problem the challenges are conveying properly the e ect of the regularizing operator L, and e ciently e ecting its inversion. Based on our merit criteria the WG method has a distinct advantage over the other two methods. The FS was the least e cient owing to the fact that the inversion of L is an O(N 2 ) operation as compared to O(N) for the FD and WG implementations. The overall shape quality of FS solutions was marginally better than the WG and was worst for the second order FD solutions. Thus, we have shown that the WG method may be a viable alternative to more traditional counterparts for problems exempli ed by the BQS problem. We note that the one-dimensional problem and the two-dimensional problem may not scale in C eff . many diagnostic operations. All linear algebra operations were performed with general solvers from LAPACK and the FFTs were performed with Paul Swarztrauber's FFTPACK, version 1989.
